ABSTRACT. Let Ω be a bounded pseudoconvex domain in C n , n ≥ 2, 0 ≤ p ≤ n, and 1 ≤ q ≤ n − 1. We show that compactness of the ∂-Neumann operator, N p,q+1 , on square integrable (p, q + 1)-forms is equivalent to compactness of the commutators [P p,q , z j ] on square integrable ∂-closed (p, q)-forms for 1 ≤ j ≤ n where P p,q is the Bergman projection on (p, q)-forms. We also show that compactness of the commutator of the Bergman projection with bounded functions percolates up in the ∂-complex on ∂-closed forms and square integrable holomorphic forms.
showed that, on smooth bounded convex domains in C 2 , compactness of H φ can be characterized by the behavior of φ on analytic discs in the boundary. Here φ is smooth up to the boundary. It would be interesting to know if this characterization still holds in higher dimensions.
On convex domains the relation between the compactness of the commutators and of the ∂-Neumann operator has been fairly well understood: if Ω is a bounded convex domain, then compactness of N p,q+1 is equivalent to compactness of the commutators [P p,q , φ] on the space of (p, q)-forms with square integrable holomorphic coefficients, for all functions φ continuous on Ω (see [Str10, Remark (ii) in Section 4.1]).
Theorem 1 fails on non-pseudoconvex domains. In our previous paper [Ç Ş12] we constructed a smooth bounded non-pseudoconvex domain in C n (for a given n ≥ 3) for which the commutators [P, φ] are compact (on square integrable functions) for all φ continuous on the closure of the domain, yet the ∂-Neumann operator N 0,1 is not compact. In this paper we will consider the important pseudoconvex case and establish a decisive result on forms in Theorem 1.
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BACKGROUND AND MAIN RESULTS
Let Ω be a bounded pseudoconvex domain in C n . We denote the square- 
We note that P p,q is the orthogonal projection onto K 2 (p,q)
(Ω), the operator P 0,0 is the classical Bergman projection P, and K 2 (0,0) (Ω) (also denoted as A 2 (Ω)) is called the Bergman space. We refer the reader to [CS01, Str10] for more information about the ∂-Neumann problem and related issues.
The commutators of the Bergman projection with multiplication operators can also be written in terms of the ∂-Neumann operator. Let f ∈ K 2 (p,q)
(Ω) and φ ∈ C 1 (Ω). Then the equality
(Ω) for all φ ∈ C(Ω) (see [Str10, Propositions 4.1 and 4.2]). In the following theorem we show that the the converse is true when q ≥ 1.
Theorem 1.
Let Ω be a bounded pseudoconvex domain in C n , n ≥ 2, 0 ≤ p ≤ n, and 1 ≤ q ≤ n − 1. Then the following are equivalent: 
implies that N p,1 is compact. On the other hand, compactness N p,1 implies compactness of
shows that, in this case, N p,0 is compact on the orthogonal complement of A 2 (Ω).
Compactness of the ∂-Neumann operator percolates up in the ∂-complex (see Remark 6
). The following theorem shows that the same is true for the commutator of the Bergman projection with a function continuous on the closure of the domain.
(Ω), in general. One can construct a counterexample as follows: Let Ω ⊂ C n be the polydisk, 0 ≤ p ≤ n, 0 ≤ q ≤ n − 2, and consider
(Ω). In addition, one can show that any f ∈ A 2 (p,q+1)
(Ω) can be written as f =
(Ω) and ∑ n j=1 f j 2 = f 2 (see the proof of Corollary 2 in the next section). Then we have The proof of Theorem 1 will be based on several lemmas whose proofs are standard if one is familiar with the basics of the ∂-Neumann problem.
Lemma 1.
Let Ω be a bounded pseudoconvex domain in C n for n ≥ 2 and g ∈ K 2 (p,q+1)
(Ω) where
where f j 's are square integrable (p, q − 1)-forms so that there are no common terms between f j ∧ dz j and f k ∧ dz k if j = k. This can be done as follows: Let ∨ denote the adjoint of the exterior
Namely, f 1 is defined by collecting all terms that contain dz 1 and writing their sum as f 1 ∧ dz 1 . Then we define f 2 by collecting the terms in f − f 1 ∧ dz 1 with dz 2 and writing their sum as f 2 ∧ dz 2 etc. Since ∂g = 0 and f is in the range of ∂ * , we have ∂ f = g and ∂ * f = 0. So f is in the domains of ∂ and ∂ * . Also since f j consists of terms f I J for some |I| = p and |J| = q, "bar" derivatives of f j 's come from "bar" derivatives of f . Then
This fact together with [Str10, Corollary 2.13] imply that
Hence, ∂ f j g for every j and
Therefore, if we define
Remark 3. Our proof of Theorem 1 depends on Lemma 1. Lemma 1 fails for q = 0 and hence the implication iii. implies i. is not known when q = 0. One can see that Lemma 1 is not true for q = 0 as follows: Let g = φ(z 1 )dz 1 where φ is a non-holomorphic function that is smooth on Ω. Then g is ∂-closed but there is no holomorphic function g 1 such that g = g 1 dz 1 . Also it is interesting that the proof of Lemma 1 requires the existence of (p, q − 1)-forms (that is, two form-levels below the starting form-level).
The following lemma shows that the converse of [Str10, Proposition 4.1] is true.
Lemma 2.
Let Ω be a bounded pseudoconvex domain in C n , n ≥ 2, and 0
Proof. We only need to prove one direction as compactness of
To prove the other direction, assume that {g k } is a bounded sequence in
. (Ω).
Proof. Let {g k } be a bounded sequence of ∂-closed (p, q + 1)-forms. Then by Lemma 1 there exist Let us define
(with identity) of C(Ω).
Proof. The fact that compactness is preserved under the operator norm topology implies that Γ(p, q) is a closed subspace of C(Ω). Lemma 4 implies that Γ(p, q) is a subalgebra of C(Ω) and
We note that Corollary 1 gives a characterization for compactness of N p,q for q ≥ 1 in terms of C * algebras. Namely, for 1 ≤ q ≤ n − 1 the operator N p,q+1 is compact if and only if Γ(p, q) = C(Ω) (compare to [Sal91] ).
We will use the followig well known fact (see, for example, [Str10, Proposition 4.2]) in the proof of Theorem 1 Proposition 1. Let Ω be a bounded pseudoconvex domain in C n and 0 
(Ω). 
(Ω). (Ω), for 1 ≤ j ≤ n, together with the Stone-
Finally, the implications v. ⇒ vi. and vi. ⇒ iii. are obvious.
Proof of Theorem2. If
(Ω) and [P p,q+1 , φ] is the zero operator, hence compact. So for the rest of the proof we may assume that n ≥ 3 and 1 ≤ q ≤ n − 2.
Let g ∈ K 2
(p,q+1)
(Ω). Then Lemma 1 implies that there exist
Now we will show that
Since both sides of (1) are orthogonal to K 2 (p,q+1) (Ω) we only need to show that for any h ∈ L 2 (p,q+1)
(Ω) that is orthogonal to K 2 (p,q+1)
(Ω) we have
where , ., denotes the inner product on L 2 (p,q+1) (Ω). One can compute that
(Ω) be a bounded sequence. Then Lemma 1 implies that for each k and 1 ≤ (p,q+1)
(Ω), 0 ≤ p ≤ n, and 0 ≤ q ≤ n − 1. Then for 1 ≤ j ≤ n there exists g j ∈ A 2 (p,q) (Ω) such that g = ∑ n j=1 g j ∧ dz j and g 2 = ∑ n j=1 g j 2 . In fact, one can define g 1 = dz 1 ∨ g and g j = dz j ∨ g − ∑ j−1 k=1 g k ∧ dz k for j = 2, 3, . . . , n.
Remark 7. Corollary 2 is stated for any domain in C n and 0 ≤ q ≤ n − 1 while Theorem 2 is stated for bounded pseudoconvex domains and 1 ≤ q ≤ n − 1.
The followig fact is included in [Str10, Remark (ii) We have the following percolation result as a corollary of Corollary 2 and Proposition 2.
Corollary 3.
Let Ω be a bounded pseudoconvex domain in C n , 0 ≤ p ≤ n, and 1 ≤ q ≤ n − 1. Assume that N p,q is compact on A 2 (p,q) (Ω). Then N p,q+1 is compact on A 2 (p,q+1) (Ω).
